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In this paper, a newly developed model for analyzing stresses and curvatures in elastically 
anisotropic bilayer structures is presented. This model can be applied to bilayer structures 
composed of a single thin film that is deposited or grows on an elastically anisotropic substrate. 
The thin-film materials considered can be either elastically isotropic or anisotropic. According 
to this model, the Young’s modulus, Poisson’s ratio, and thermal-expansion coefficient of any 
given thin film cannot be determined independently by simply using a single elastically 
anisotropic substrate in a stress measurement without making additional assumptions. By 
using our model and with reasonable assumptions, more reasonable values of the mechanical 
constants and thermal-expansion coefficient of the aluminum thin film have been recalculated 
from the results of Janda [Thin Solid Films 112, 219 ( 1984) 1. 
1. INTRODUCTION 
Thin-film materials have been widely used in many ap- 
plications. l-6 They can be metals, semiconductors, poly- 
mers, or ceramics. Though most of their properties, especial- 
ly mechanical properties, are well known in bulk, much 
more needs to be studied about these properties in thin films. 
The mechanical properties as well as the residual stresses in 
thin films may significantly vary with different processes, 
processing conditions, and thermal histories. Therefore, it is 
important to investigate these mechanical and stress charac- 
teristics in thin films experimentally. In the meanwhile, cor- 
rect formulas or theoretical models must be applied. 
For the above-mentioned purposes, many experimental 
and theoretical works have been done.7-24 Among these, 
stresses in thin-film materials have been studied most exten- 
sively.‘-” As can be seen, all those thin films were prepared 
on elastically isotropic substrates for a few practical reasons. 
However, in order to obtain the biaxial moduli and thermal- 
expansion coefficients of the films in situ, two different sub- 
strates have been used.‘,’ Otherwise, assumptions must be 
made so that either biaxial modulus or thermal-expansion 
coefficients of the thin film and substrate can be estimated, if 
a single elastically isotropic substrate is used.9-‘2 This can be 
done, for example, by assuming that the thermal-expansion 
coefficients ofthe thin films are the same as those of the bulk. 
If this is true, the corresponding biaxial moduli can then be 
calculated.9V10 As to measuring these properties in situ on 
the substrate, these are the only two approaches up to now, 
though there are some other alternatives.‘3-‘5 
In his paper,16 Janda has tried a different approach to 
measure these properties in situ, that is, by using a single 
elastically anisotropic substrate. It is thought that both the 
biaxial modulus and thermal-expansion coefficient of any 
given thin film could be obtained simultaneously by using 
such an approach with no assumptions made elsewhere. If 
this were true, this approach might be a relatively convenient 
one. Unfortunately, the theoretical model presented for the 
approach is incorrect. After developing a new theoretical 
model for the same structure, we have noted that the ap- 
proach does not have the expected feature just mentioned 
above. Furthermore, the biaxial modulus and thermal-ex- 
pansion coefficient that Janda has calculated for the alumi- 
num thin film are also incorrect. 
Therefore, in this paper it will be discussed in detail how 
our model is established. As will be shown later, the biaxial 
modulus and thermal-expansion coefficient cannot be ob- 
tained simultaneously even using such an approach, accord- 
ing to our model. Assumptions must be made in order to 
determine the properties. It seems that this approach is not 
much different or better when compared with the other two 
methods mentioned earlier, though this approach still has its 
own uniqueness. Instead of the biaxial modulus, separated 
values of the Young’s modulus and Poisson’s ratio can be 
obtained, if the thermal-expansion coefficient of the given 
thin film is known or assumed to be equal to that of the bulk. 
The resulting Poisson’s ratio can be used to back-verify the 
assumption made. On the other hand, if Poisson’s ratio is 
known or assumed to be equal to that of the bulk, Young’s 
modulus and the thermal-expansion coefficient can be indi- 
vidually determined. 
II. THEORY 
Several theoretical models”-*’ regarding stress analysis 
of a single layer of thin film deposited on an elastically iso- 
tropic substrate have been established since 1909. Appropri- 
ate stress models for multiple layers of thin films or multi- 
layered structures were introduced in the 1980~.~‘-*~ All 
these models, though, consider only elastically isotropic 
structures. Nevertheless, from these models, a rule of thumb 
can be extracted for establishing an appropriate stress model 
for any given layered structure, no matter whether it is com- 
posed of single or multiple thin films, and whether its sub- 
strate is elastically isotropic or anisotropic. To develop a 
stress model like this, one can start with solving the equa- 
tions of the balances of the internal forces, inter-facial strains, 
and moments in the structure. The only difference between 
1384 J. Appl. Phys. 69 (3), 1 February 1991 0021-8979/91/031384-05$03.00 0 1991 American Institute of Physics 1384 
Downloaded 19 Dec 2010 to 140.114.66.106. Redistribution subject to AIP license or copyright; see http://jap.aip.org/about/rights_and_permissions
the isotropic and anisotropic cases is that in the latter case, 
three balance equations must be individually established in 
the two orthogonal directions in the plane (Fig. 1). 
A. Internal force balance 
If a thin film is deposited or grown on an anisotropic 
substrate, the internal force balances in the plane directions, 
x and y, can be expressed as 
F,, = -F2x, (la) 
F,u = - F2y, (lb) 
where the subscript “1” denotes the thin film and “2” the 
substrate. 
6. Interfacial strain balance 
From the balance of the strains at the interface of the 
thin film and the substrate, one has 
I 
T/ x- F2x a,,dT+ ~ - v2yF2y 4 
WE,, 4 
-+- 
T, WE,,4 Wx 
= 
I 
T/ F,X v,yF,y d, a,,dT+-----, 
T, WE,, 4 W-W, 2Rx 
(2a) 
Eix 
Qix 
Vix 
Eiy 
aiy 
Viy 
1 : Thin film 
2 : Substrot* 
FIG. 1. Schematic illustration ofa bilayer structure with a thin film deposit- 
ed onto an elastically anisotropic substrate in the Cartesion coordinate sys- 
tem. 
s 
T/ 
Y- 4y v2xF2x 4 a,,dT-j-p-- - 
T, WE,,4 WE;,d, + 2R, 
s 
5 F’;Y YlXF,X 4 = a,,dT+------, 
WE,,4 W&d, 24 
(2b) 
T, 
where a denotes the thermal expansion coefficient, Ti and T, 
are the initial temperature and the temperature at observa- 
tion, respectively, El is the tensile modulus of the thin film, 
Ez is the Young’s modulus of the substrate, Y is Poisson’s 
ratio, d is the thickness, and W width. R is the radius of 
curvature of the structure and has a positive sign if bending 
downward, as shown in Fig. 1. 
The first term on either side of Eq. (2) is to account for 
thermal strain due to thermal-expansion mismatch. If there 
exists intrinsic stress in the deposited film, an intrinsic strain 
term can be also added directly and the entire derivation will 
not be affected. If a deposited polymer film swells or expands 
upon taking up moisture or solvent, a hygroscopic strain 
term should be taken into account, similarly. 
Upon cooling or heating, these forces will change ac- 
cording to the magnitude of the thermal mismatch between 
these two layers. These are the principal forces that keep the 
dimensions of the two layers matched in the plane direction. 
Since a two-dimensional structure is concerned, the forces in 
they direction will affect the strain in thex direction. Due to 
elastic anisotropy, the forces in the x and y directions may 
not be the same. Such an anisotropic biaxial effect is ex- 
pressed in the second force term in the above equation. The 
last terms on both sides of the equation account for strain 
variations due to bending. 
From Eqs. ( 1) and (2)) the internal forces can be ob- 
tained readily and expressed as functions of the thermal mis- 
match and radii of curvature in both x and y directions: 
F,, = Cx By - C,A A,B, - A,B, ’ 
F,, = 
AxC, -AyCx 
A,B, - A,B, ’ 
(3a) 
(3b) 
where 
A, = (l/J-W, + 1/Ezxd2 1, 
A, = - (v,JE,xd, + vdEd2 1, 
Bx = - (v,J&d, + vzy/&d2 1, 
By = (l/E,,d, + l/E,,d, ), 
C, = W 
C. Moment balance 
In such a bending structure, there are two different 
kinds of moments. The first kind originates from the internal 
forces, and is balanced by the bending moments of the struc- 
ture. From the balance of the moments, one has 
M,, + M2x + F,, (4 12) + F2.x (d, + d/2) = 0, (4) 
where M denotes the moment due to bending. For an iso- 
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tropic structure, its bending moment has long been under- 
stood and can be obtained readily. For an anisotropic struc- 
ture, some manipulations are needed. The bending moments 
can be obtained according to the following relations. First, 
the bending moment and the stress due to bending can be 
correlated as 
d/2 
Mix = W 
s 
OixbZ dz, (5) 
- d/2 
where i = 1,2; a,,, = Kixbz, and K,xb is a constant. 
At z = d/2, 
Oi.xb =0:X”= (6/Wd:)M,, (6) 
where o,Xb is denoted as the stress due to bending in the x 
direction. The expression correlating the bending moment 
and the bending stress in they direction is similar and omit- 
ted here. 
The next step is to correlate the bending stresses with the 
bending curvatures. The radius of curvature R, and the 
maximum bending strain elxb can be written, as usual, as 
1 E’;xabx G:abx -=-= 
RX d, /2 d,/2’ 
(7) 
According to Hooke’s law, the maximum bending 
strains can be expressed as 
lnax 
cy = Dixb 
max 
viy (T iyb di/2 ---=-, 
EiX Eiy RX 
max vjx 0 ;“d 
~~~~~~~ 
di/2 . 
E, Eix RY 
(8) 
By combining Eqs. (6), (7), and (8), and after rearrange- 
ments, the bending moments can be related to the bending 
curvatures: 
M. IX v M- Wd3 ‘Y ‘Y - i ) 
Ei.x Eiy 12R, 
M -..!L vixMix Wd ,’ --=-. 
E,y Eu 12R, 
(9) 
From the above equation, the bending moments can be 
solved as 
M 
lx 
= W%d:(Ry +R,v,y) 
12R,R,(l- ~,xv,~) ’ 
M,, = 
WE,,d: W, + Ryv,x 1 
12R,R,(l - v,xvly) ’ 
M2x = 
W-d : CR, + Rx ~2,) 
12R,R,(l - ~2x15,) ’ 
(10) 
M 
2Y 
= WE,yd: (Rx + Ryvzx 1 
l’XR,(l - ~2x15~) ’ 
FromEqs. (3), (4),and (lO),andbyassumingthatd, <d, 
and E, z or < E, , the curvature radii in the x and y direc- 
tions can be expressed as 
l /R = 6d1 [ (E&xkx + viyky 1 - v~~E,,E,~ (ky + ~,,&a, I] 
x 
d:LE,y(l - v,x~,~) 
9 
= 64 1. ULE,,AG~ + v,xk, 1 - v2xE,,E,, (ha, + Y,,,AE,~, ] 
(11) 
1,R 
Y 
d:E,,E,,(l - v,x~,~) 
I 
where 
s 
T/ 
I%, = (qr - alx MT, 
T, 
T/ 
AC,,, = 
J 
(a2, - sly )dT. 
T, 
With the same assumption made above, by substituting 
Eq. ( 10) back into Eq. (4), the average film stress can be 
obtained: 
F,, u 
d : E2x CR, + ~2~Rx 1 
Ix=== 6KR, ( 1 - ~2xv2~ M, ’ 
FIY d:E,, (Rx + ~2x4,) 
(12) 
* --= 
” - Wd, WxR,(1 - v2xv2yM . 
As shown, the curvature radii in the two directions orthogo- 
nal to each other must be determined separately so that 
stresses in the two different directions can be calculated. 
Usually, a minimum length of a given substrate is needed in 
1386 J. Appl. Phys., Vol. 69, No. 3, 1 February 1991 
order to measure precisely its curvature in one direction. 
Therefore, to perform experiments for these calculations, 
any elastically anisotropic substrate to be applied must be 
long and wide enough. Apparently, typical circular or D- 
shape wafers with appropriate diameter would be adequate. 
It is noteworthy that the above expressions, derived ac- 
cording to the three balance equations, can also be separately 
obtained from an entirely different approach. That can be 
done by starting with the expression for the structure deflec- 
tion of an elastically anisotropic plate obtained by Hear- 
mon.25 As to stress formulas, both methods give the same 
results, which can be used to ensure the correctness of this 
newly developed model. 
For the elastically isotropic case, in which E, = Ei,,, 
R, = R,, and viX = v,~, the above expressions become 
0 Ix =0-l, =u, = 
d:E, 
6R(l- v2)d, * 
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This expression is commonly seen in models for isotropic 
bilayer structures. 
D. Stress due to thermal mismatch 
Stress arising in a thin film due to thermal mismatch can 
be described by Eq. (3 ). Since the stress variation in the thin 
film due to bending is relatively small and can be ignored, the 
relationship of the film stress with the thermal mismatch can 
be simplified as 
El 0 - 
Ix - (1 -I{, 
(azx - a, MT 
(13a) 
(13b) 
Here, the properties of the thin film have been assumed iso- 
tropic so that the above expressions can be used to compare 
with those of Janda.16 Apparently, the stress-thermal mis- 
matchment relations we have obtained here are different 
from those of Janda.16 Since the above expressions result 
directly from the three balance equations, they should un- 
doubtedly be correct. On the contrary, Janda did not estab- 
lish his stress-thermal mismatch relations on any theoretical 
basis or experimental support. By using his own formulas, 
which are incorrect, Janda has obtained very unreasonable 
Young’s modulus and thermal expansion of the aluminum 
thin film deposited on an a-quartz substrate. 
Again, for an elastically isotropical case, one has 
E, TV 
(T Ix = Uly = CT, = 
I (l-v,) T, 
(a2 -a,)dT. (14) 
If a thin film is deposited or grows on a Si circular wafer, 
which is the most common type of substrate utilized, the 
above simplified equation can be applied because the Si wa- 
fer is elastically isotropic in the ( 100) or ( 111) planes. 
According to Eq. ( 13), if the structure is thermally cy- 
cled, the stress changes with respect to temperature at any 
given temperature in the thin film in the two different direc- 
tions can be written as 
do,, El -= 
dT (l-4, 
[ (a2x - a,)+vl(a,,-a,)], 
(15a) 
da,, El -= 
dT (l-4) 
[ (azy - a,) +v,(a2x -a,)]. 
(1%) 
These results are, of course, different to those reported 
by Janda.lh According to Janda’s Eqs. ( 1) and (2), one will 
have different expressions, which are incorrect and have 
been used in Janda’s calculations, as follows: 
dg,x J% -= 
dT (1 -v,) 
(a2x - a, 1, 
do,, E, -= 
dT (1 --VI) 
(a2y - ai 1. 
If these were correct, no further assumption would be 
needed in order to calculate the biaxial modulus and ther- 
mal-expansion coefficient of the thin film, since these are 
their only two unknown parameters, and there are two inde- 
pendent equations. However, as can be seen in Eq. ( 15), 
there are three unknown parameters for a given thin film. 
They are the thin film’s Young’s modulus, Poisson’s ratio, 
and thermal-expansion coefficient. The Young’s modulus 
and Poisson’s ratio in the expression cannot be combined as 
a biaxial modulus, and therefore must be individually derter- 
mined. There are, however, only two independent equations. 
It means that without making further assumptions, such an 
anisotropic substrate approach cannot be used to experimen- 
tally determine the mechanical constants and thermal-ex- 
pansion coefficient of any given thin-film material. Appar- 
ently, this approach is not better than the approach of using 
two different isotropic substrates. 
Nevertheless, this approach still has its own unique ad- 
vantage. By knowing the thermal-expansion coefficient of 
the thin film, both the Young’s modulus and Poisson’s ratio 
can be individually determined. In the other approach, only 
the biaxial modulus can be obtained. Or, in this approach, if 
the Poisson’s ratio of the thin film is known, both the ther- 
mal-expansion coefficient and Young’s modulus can then be 
determined. In the next section, the mechanical constants 
and thermal-expansion coefficient of the aluminum thin film 
used by Janda will be given and discussed after being recal- 
culated by using our model. 
In Janda’s study,” in order to verify his proposed mod- 
el, thin aluminium films were deposited onto unheated cir- 
cular substrates of a quartz (AT and BT cut) of 0.12 mm 
thickness and 15.5 mm diameter. The a-quartz substrate is 
elastically anisotropic and has Young’s moduli of 7.83 1 and 
9.066X 10” Pa, Poisson’s ratios of 0.277 and 0.321, and 
thermal-expansion coefficients of 13.71 and 9.58 x 10 - “K, 
respectively, in the x and y directions. Since the a-quartz 
substrate exhibits significant elastic anisotropy and a circu- 
lar substrate has been applied, the experimental data ob- 
tained by Janda should be good. 
III. RESULTS AND DISCUSSION 
Table I compares the Young’s moduli, Poisson’s ratios, 
and thermal-expansion coefficients of the aluminum thin 
film, calculated by using different models, with those of the 
bulk aluminum. When assuming that the thermal-expansion 
coefficient of the thin film is equal to that of the bulk, by 
using our model, the recalculated Young’s modulus and 
Poisson’s ratio are 4.2~ 10” Pa and 0.41, respectively, for 
the film, whereas 6.9 X 10” Pa and 0.35 are the values for the 
bulk. The recalculated biaxial modulus of the film is 
7.2 X 10” Pa, which is smaller than that of the bulk, but not 
too small. The biaxial modulus of the bulk aluminum is 
10.6~ 10” Pa. This result is not unusual since thin-film ma- 
terials deposited on substrates are mostly in a strained state, 
and are likely to exhibit stress relaxation, especially when 
having defects. Consequently, the resulting relaxation mod- 
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TABLE I. Comparison ofaluminum thin-film mehanical properties and the thermal-expansion coefficient calculated by using different models with those of 
bulk aluminum. 
Material 
characteristics Model used 
Calculated Results 
E/( 1 - v) ( 1O’O Pa) E( IO’” Pa) v a(ppmPC) 
Thin film 
Bulk 
Janda’s model” 
Our model: 
assumption 1 
assumption 2 
. . . 
3.0 . . . . . . 41 
6.2 4.0 . . . 26 
1.2 4.2 0.41 . . . 
10.6 6.9 0.35 23.9 
‘See Ref. 16. 
uli (or tensile moduli) are smaller when compared with 
those of the bulk. Actually, as also indicated in the litera- 
ture,‘O-” thermally evaporated copper thin films and e- 
beam-evaporated copper thin films have lower tensile modu- 
li as compared with that of the bulk. 
The biaxial modulus calculated by using Janda’s formu- 
las, which are incorrect as mentioned earlier, is 3.0 X 10” Pa. 
This value is too small to be true. However, by using our 
model, the mechanical properties of the aluminum thin film 
after recalculation have become much more reasonable. 
Furthermore, the recalculated Poisson’s ratio, 0.41, is close 
to that of bulk, 0.35. All these results indicate that the as- 
sumption made above seems adequate. 
When assuming that the Poisson’s ratio of the thin film 
is equal to that of the bulk, the recalculated Young’s modu- 
lus and thermal-expansion coefficient are 4.1 x 10” Pa and 
26.0X10-6PC for the thin film, and 6.9~10” Pa and 
23.9 X 10 - 6PC for the bulk. Again, the recalculated biaxial 
modulus of the film is smaller than that of the bulk, but not 
too small. The recalculated thermal-expansion coefficient of 
the thin film is very close to that of the bulk. These results 
indicate that the assumption made here is acceptable. 
The thermal-expansion coefficient calculated by Janda 
is 41 X 10 - 6PC, which is nearly two times of that of the 
bulk. Such an unreasonably large discrepancy between the 
thermal-expansion coefficients of the thin film and the bulk 
can result from Janda’s incorrect formulas. However, after 
recalculation by using our model and with the appropriate 
assumptions, the properties of the aluminum thin film have 
become much more acceptable. 
IV. SUMMARY 
In this paper, a newly developed model for analyzing 
stresses and curvatures in elastically anisotropic bilayer 
structures is presented. This model can be applied to bilayer 
structures composed of a single thin film that is deposited or 
grows on an elastically anisotropic substrate. The thin-film 
materials considered can be either elastically isotropic or an- 
isotropic. According to the calculations shown here by using 
this model, it can be concluded that without making assump- 
tions, the Young’s modulus, Poisson’s ratio, and thermal- 
expansion coefficient of any deposited thin film cannot be 
determined by simply using a single elastically anisotropic 
substrate. By using our model and with reasonable assump- 
tions, the recalculated mechanical constants and thermal- 
expansion coefficient of the aluminum thin film, as present- 
ed by Janda, have become much more acceptable. 
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